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Abstract. The refined analytic torsion on compact Riemannian manifolds with boundary has been dis- 
cussed by B. Vertman ([22], [23]) and the authors ([11], [12]) but these two constructions are completely 
different. Vertman used a double of de Rham complex consisting of the minimal and maximal closed 
extensions of a flat connection and the authors used well-posed boundary conditions 7 3 — 1 c , "P+,Ci f° r 
the odd signature operator. In this paper we compare these two constructions by using the BFK-gluing 
formula for zeta-determinants, the adiabatic method for stretching cylinder part near boundary and the 
deformation method used in [6] when the odd signature operator comes from a Hcrmitian flat connection 
and all de Rham cohomologies vanish. 



1. Introduction 

The refined analytic torsion was introduced by M. Braverman and T. Kappeler ([4], [5]) on an odd 
dimensional closed Riemannian manifold with a flat bundle as an analytic analogue of the refined com- 
binatorial torsion introduced by M. Farber and V. Turaev ([20], [21], [8], [9]). Even though these two 
objects do not coincide exactly, they are closely related. The refined analytic torsion is defined by us- 
ing the graded zeta-determinant of the odd signature operator and is described as an element of the 
determinant line of the cohomologies. Specially, when the odd signature operator comes from an acyclic 
Hermitian connection on a closed manifold, the refined analytic torsion is a complex number, whose 
modulus part is the Ray-Singer analytic torsion and the phase part is the p-invariant determined by the 
given odd signature operator and the odd signature operator defined by the trivial connection acting on 
the trivial line bundle. 

The refined analytic torsion on compact Riemannian manifolds with boundary has been discussed by 
B. Vertman ([22], [23]) and the authors ([11], [12]) but these two constructions are completely different. 
Vertman used a double of de Rham complex consisting of the minimal and maximal closed extensions of a 
flat connection. On the other hand, the authors introduced well-posed boundary conditions "P-.£ , V+Xi 
for the odd signature operator to define the refined analytic torsion on compact Riemannian manifolds 
with boundary. In this paper we are going to compare these two constructions when the odd signature 
operator comes from a Hermitian connection and all de Rham cohomologies vanish. For comparison of 
the Ray-Singer analytic torsion part we are going to use the BFK-gluing formula for zeta-determinants 
proven in [7] and the adiabatic method for stretching cylinder part near boundary. For comparison of 
the eta invariant part we are going to use the deformation method used in [6] . These methods were used 
in [12], where the authors discussed the gluing formula of the refined analytic torsion with respect to the 
well-posed boundary conditions V-,c , V+ > c 1 . Hence this work is a continuation of [12]. 
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We now begin with the description of the odd signature operator near boundary. 



2. The refined analytic torsion on manifolds with boundary 

In this section we first describe the odd signature operator B near boundary and introduce the well- 
posed boundary conditions V-,c , V+Xi f° r the odd signature operator. We then review the construction 
of the refined analytic torsions with respect to V-.c -, 'P+,c 1 discussed in [11]. 

Let (M, g M ) be a compact oriented odd dimensional Riemannian manifold with boundary Y, where g M 
is assumed to be a product metric near the boundary Y . We denote the dimension of M by m = 2r — 1. 
Suppose that p : ni(M) — > GL(n, C) is a representation of the fundamental group and E = M x p C n is 
the associated flat bundle, where M is a universal covering space of M. We choose a flat connection V 
and extend it to a covariant differential 

V : Q'(M,E) -> V +1 {M,E). 
Using the Hodge star operator * M , we define an involution T = T(g M ) : £l*(M,E) -> Q m —(M,E) by 

Tuj ^^(-l) 5 ^ * A /o;, uj € fl q (M,E), (2.1) 

where r is given as above by r = It is straightforward to see that T 2 = Id. We define the odd 

signature operator B by 

B = B(V,g M ) := TV + VT: iT(M,E) — > ST(M,E). (2.2) 

Then B is an elliptic differential operator of order 1. Let TV be a collar neighborhood of Y which is 
isometric to [0,1) x Y. Then we have a natural isomorphism 



* : il p {N,E\ N ) -> C QC ([0,l),n p {Y,E\ Y )®n p - 1 (Y,E\ Y j) (2.3) 



u)\ + dx A ui2 i-» 

Using the product structure we can induce a flat connection V y : fi*(Y", E\y) — > £l'(Y, E\y) from V and 
the Hodge star operator *y : fl*(Y, E\ Y ) — > r2 m_1_ *(F, E\ Y ) from * M . We define two maps /?, T Y by 



P : n p (Y,E\ Y ) -> O p (r,^|y), /3(w) = (-l) p w 

r Y : n p (Y,E\ Y ) -> o m - 1 - p (y,E| Y ), r y (w) = ^ r - 1 (-l) £^2 ^ i2 * Y w . 

It is straightforward that 



(2.4) 



/? 2 = id, r r r y = id. (2.5) 

Then simple computation shows that 

r=W?;M, v=(° Mv 8 . + (; m 



10 / ' v 1 / V - 1 . 

where d x is the inward normal derivative to the boundary F on JV. Hence the odd signature operator B 
is expressed, under the isomorphism (|2.3I) . by 
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(2.7) 



We denote 



7 := -iF Y (H), A := ( ^ " 1 ) (V- + (2.8) 
so that 2? has the form of 

B = 7 (d x + A) with 7 2 = - Id, 7^ = -^7. (2.9) 
Since Va a; V y = V r Vg x , we have 

» 2 =-(j ? ) vL + ( ;)^+ ry ^ ry ) a =(-^.+*)(; ?)' (2 - io) 

where 

B Y = r Y v Y + v y r K . 

We next choose a Hermitian inner product All through this paper we assume that V is a Hermitian 
connection with respect to h E , which means that V is compatible with h E , i.e. for any tj>, rp G C°°(E), 

dh E {4>, i/>) = h E {W4>, i/>) + h E ((j>, V# 
The Green formula for B is given as follows (cf. [11]). 

Lemma 2.1. (%) For € Q q (M,E), ip G fi TO_9 (M, F), V)m = W>, I»m- 

(2) For cj) G fl^M^E), tp G Q« +1 (M,F) ; 

v)a/ = (</>, rvi» M - (Stanly, Vw|y)y- 

f5j For <^,^e ft cvcn (M, E) or fl odd (M, E), 

(B(j), 1p) M - (</>, S^l) M = (^tan|y, «/3r F (V'tan|F))l' ~ (<&ia r |Y, (l/>„or | y)) Y = (</>|y, 7(V>|y))y- 

Remark : In the assertions (2) and (3) the signs on the inner products on Y are different from those in 
[11] because in [11] d x is an outward normal derivative. 

We note that By is a self-adjoint elliptic operator on Y . Putting H'(Y, E\y) ■= kerS y , H'(Y,E\y) is 
a finite dimensional vector space and we have 

n m (Y,E\ Y ) = imv y ffi i m r Y v y r y ®n'(Y 7 E\ Y ). 

If V</> — TVr0 = for (j) G fi"(M, F), simple computation shows that </> is expressed, near the boundary 
^,by 

= V y 0tan+0tan,/ l +da:A(r Y V y r Y nor +< ? ! )noI , /l ), ^ft, (f> noTl h G H* (Y, E\y). (2.11) 

We define /C by 

/c := {4> ta .n,h g H'(y,F| y ) 1 - rvi> - o}, (2.12) 

where has the form (|2.11j) . If tj> satisfies V</> = rVT0 = 0, so is T<p and hence 
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r Y ic = {ct> aoIth g h'(y, e\ y ) I = rvr> = o}, (2.13) 

where has the form ()2.11j) . The second assertion in Lemma 12 . 1 1 shows that JC is perpendicular to T Y JC. 
We then have the following decomposition (cf. Corollary 8.4 in [14], Lemma 2.4 in [11]). 

/C®r y /C =W(Y,E\y), (2.14) 

which shows that (%*(Y,E\y), ( , )y, — if3T Y ) is a symplectic vector space with Lagrangian subspaces 
JC and T Y JC. We denote by 



Remark : Lemma 2.4 in [11] shows that /C and T y /C are the sets of all tangential and normal parts of 
the limiting values of extended L 2 -solutions to B^ on M m , respectively, (See (|3.7j) below for definitions 
of Boo and Moo). 

We next define the orthogonal projections P-,c , P+Xi : M'(Y,E\ Y ) © Sl*(Y,E\y) -> 0'(Y,E|r) © 
by 

lmV - c ° = ( ImV^e/C ' ImV+ ^ = ImT Y V Y T Y ®T Y 1C '' (2 ' 16) 



Then V— t c a i P+,Ci are pseudodifferential operators and give well-posed boundary conditions for B and 
the refined analytic torsion. We denote by B-p_ Cq and B^ v _ c the realizations of B and B 2 q with respect 
to V-r , i-e. 



Dom(S P _ i£o ) = {^GO'(M,£)|P_, £o (V|r)=0}, 
Dom (B 9 2 , P -, £o ) = W e «W25) I -P-Xo (My) = 0, P_ )£o ((£ty)|y) = 0} . (2.17) 

We define <6-p +iCl , v+ c , # 2 abs , $ 2 rol and 2?n> , <6n< (see Section 3) in the similar way. The following 
result is straightforward (Lemma 2.11 in [11]). 

Lemma 2.2. 

kerBl v _ Co = kerS 2 rcl = H\M, Y; E), kerB* P+ c% = kerB* abs = £). 

We choose an Agmon angle by — 5 < < 0. For 2) = V-,Co or T'+.As we define the zeta function 
Cb 2 b ( s ) an d eta function 7?B even 33 (s) by 

Cb=>) = — / t s - 1 (Tr e ^--dimkere g 2 s )dt = £ 

1 Z" 00 / \ 

1 2 ' 0#A je Spoc(e ovcn , s ) 

It was shown in [11] that Ce 2 B ( s ) an d VB CVBn ^{ s ) have regular values at s = 0. We define the zeta- 
determinant and eta-invariant by 



COMPARISON OF TWO CONSTRUCTIONS OF THE REFINED ANALYTIC TORSION 



5 



2 

We denote 



logDet^j, := -CbiJO), (2.18) 
??(#cvon,s) : = \ (%cvc„,b (°) + dimkerS cvon , s ) . (2.19) 



n q _(M,E) = imVno«(M,£), n q + (M,E) = i m rvrno 9 (M,£;), 
n2 ren (M,£;)= ^ n q ± {M,E), (2.20) 



g— even 

and denote by 2?^, en the restriction of £? C vcn to f2jy en (M, £7). The graded zeta-determinant ^>et gYt g(B cvcn .x>) 
of Seven with respect to the boundary condition D is defined by 

n , IK , Det ^e + vcn.S) 

1 . 1 >:> 

even,® 



^gr,ff v^even,^ / / 

Det e \-B, 



We next define the projections Vq , Vi : fl'(Y,E\ Y )®n'(Y,E\ Y ) -> fl'(Y,E\ Y )®fl'(Y,E\ Y ) as follows. 
For <j) e n q (M,E) 

P My) = { V -My) if 1 is even = (V + ,cMy) * 1 * oven 

\J > +,cA4>\y) if 3 is odd, \V-,c {4\y) if 9 is odd. 

We denote by 

l q :=dimkerfi^ ? , := dim/C n ker B Y ^ and Z" := dimT^/C n ker By >9 , (2.21) 

so that l q = + Z~ and Z~ = l^ n _ 1 _ q . Simple computation shows that log Det gr ^ (Seven, V-,c ) an( f 
log Detg r! e (Seven, -p +i£l ) are described as follows ([11]). 



(1) logDet gr , e (£eve„,P_, £o ) - -£;(-l) a+1 -g-IogDet 2 fliBj i ^-i7rf ? (BevBn,7'-. £o ) 

(m-1 r-2 \ 

^ m 

(2) logDet gr! e(£ C ven,-p + , £l ) = 2^{-^) q+1 ■ q-\°gVct 2 eB 2 q ^ i -iTT r!{B cvcn . v+Ci ) 

q=0 

(m-1 r-2 \ 

4 E ^..(°) + X> - 1 - • ( 2 - 23 ) 

To define the refined analytic torsion we introduce the trivial connection V trivial acting on the triv- 
ial line bundle M x C and define the corresponding odd signature operator S*™ al : fi even (M, C) — > 
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O cvcn (M,C) in the same way as $L2$. The eta invariant r l (B t J™™} p _ £ /p+ c ) associated to B£™ al and 
subject to the boundary condition V- t £ /V+,c 1 is dehned in the same way as in ()2.19j) by simply replacing 
^even. V- c /'P + a by ^IvcnV c /v + c ' When V is acyclic in the de Rham complex, the refined analytic 
torsion subject to the boundary condition r P— l c /'P+,Ci i s defined by 

logPan,P_ Xo (.9 M ,V) = log Det gr , fl (B avBIll 7>_, £o ) + ^ (rank £)»te**« (°) ( 2 - 24 ) 

£ oven,/ _,£ Q 

lo g(0a n,P + . £l (.9 M ,V) - logDetgr.eCBeven.^^J + ^Crank^^.ia, (0) (2.25) 

The refined analytic torsion on a closed manifold is defined similarly. 

On the other hand, B. Vertman also discussed the refined analytic torsion on a compact manifold 
with boundary in a different way. He used the minimal and maximal extensions of a flat connection, 
which will be explained briefly in Section 4. In this paper we are going to compare p an .V- r (ff M ) V) 
and Pan.-p + a (ff M ) V") with the refined analytic torsion constructed by Vertman when the odd signature 
operator comes from an acyclic Hermitian connection. For this purpose in the next two sections we are 
going to compare the Ray-Singer analytic torsion and eta invariant subject to the boundary condition 
V-x an d ^P+Xi with those subject to the relative and absolute boundary conditions, respectively. 

3. Comparison of the Ray-Singer analytic torsions 

In this section we are going to compare the Ray-Singer analytic torsion subject to the boundary 
condition V- t c a and "P+ t Ci with the Ray-Singer analytic torsion subject to the relative and absolute 
boundary conditions. For this purpose we are going to use the BFK-gluing formula and the method of 
the adiabatic limit for stretching the cylinder part. In this section we do not assume the vanishing of 
de Rham cohomologies. We only assume that the metric is a product one near boundary. We recall 
that (M,g M ) is a compact oriented Riemannian manifold with boundary Y with a collar neighbrhood 
N = [0, 1) x Y and g M is assumed to be a product metric on N. We denote by M\^\ = [0, 1] x Y and 
M<z = M — N. To use the adiabatic limit we stretch the cylinder part M\^\ to the cylinder of length r. 
We denote Mi >r = [0, r] x Y with the product metric and 

M r = M\ tT U Yr M 2 with Y r = {r} x Y. 
Then we can extend the bundle E and the odd signature operator B on M to M r in the natural way and 
we denote these extensions by E r and B(r) (B = B(l)). We denote the restriction of B(r) to Mi >r , M-i 
by Bmi r) Bm 2 - It is well known (cf. [2], [13]) that the Dirichlet boundary value problem for B 2 q on M-i 
has a unique solution, i.e. for / + dx A g € fl q (M 2 , E\M 2 )\y r , there exists a unique tp € f2 9 (M 2 , E\m 2 ) 
such that 

B^ = 0, iP\ Yr = f + dx A g. 
Let T) be one of the following boundary conditions : V-.Co, "P+.d, the absolute boundary condition, the 
relative boundary condition or the Dirichlet boundary condition. We define the Neumann jump operators 
Qq,i,®( r )-> Qq2 an( i the Dirichlet-to-Neumann operator R q ^(r) 



Q g ,i,sW, Q a>2 , R q Mr) ■.W(Y r ,E\ Yr )®W- 1 (Y r ,E\ Yr )^n«(Y r ,E\ Yr )®W- 1 (Y r ,E\ Yr ) 
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as follows. For f ^ j G Q, g (Y r , E\ Yr ) © ^^(Yr, E\ Yr ), we choose G il"(M 1>r , E\ Mlr ) and ip € 
n q (M 2 ,E\ M2 ) such that 

Bl Mlir <t> = 0, B",w a V» = 0, 0|y r =V|y r = / + dssAfl, 33(^|y ) = 0. (3.1) 
Then we define 

Q g ,iAr)(f) = (Va»k, Q g ,a(/) = - (Va.VOta i2,,»(r) = Q,,i,s(r) + Q g , 2 , (3.2) 

where 9 X is the inward unit normal vector field on N C M. 

We denote by Bg Ml r ^,D (^g,M 2 d) tne restriction of B 2 (r) to Mi, r (M 2 ) subject to the boundary 
condition £> on Yo and the Dirichlet boundary condition on Y r (the Dirichlet boundary condition on 
Y r ). We denote by B qZ) (r) the operator B 2 (r) on M r subject to the boundary condition 2) on Yq. The 
following lemma is well known (cf. [15]). 

Lemma 3.1. (1) is a non-negative elliptic pseudodifferential operator of order 1 and has the 

form of 



Rq,X)(r) — 2 \A\ + a smoothing operator, 

(2) kerR g< v(r) = {cf>\ Yr | <j> G kerB* „(»•)}. 

Lemma f2 . 2l shows that dim ker B 2 2 (r) is a topological invariant. Let dim kcr B 2 s (r) = k and , • • • , ifk} 
be an orthonormal basis of \erB 2 ^{r). We define a positive definite k x k Hermitian matrix A q ^(r) by 

4j,lD (f) = (dij ) , fly = fa I y , Ifij I y- ) Yb ■ 

Then the BFK-gluing formula ([7], [15], [16]) is described as follows. Setting l q = dimker B Y q , we have 

logDet 2 eBg iS (r) = logDet 2 e B q Ml r v D + logDet 2 g B q Ah D + logDet 2 e R q ,®(r) 

- log 2 • (C Bhq (0) + CbI , q _ t (0) + l q + l q -i) - log det A q & (r). (3.4) 

Remark : (1) Lemma |2~21 shows that A q ^>_ Cg (r) = ^4 9 , rc i(r) and v4 g ,-p + £ (r) = ^4 9 , a bs(f )■ 
(2) The BFK-gluing formula was proved originally on a closed manifold in [7]. But it can be extended to 
a compact manifold with boundary with only minor modification when a cutting hypersurface does not 
intersect the boundary. 

Lemma 2.3 in [12] shows that 

Spec (Bl Ml rtV _ Co!D ) U Spec (b^ Mi ^ v+ Ci ^ = Spec (B 2 q ) U Spec (B 2 q 

,Mi r ,abs,£) ) ) 



L4 = V Y ' q . (3.3) 

v v^w 



which together with ((3l4j) yields the following result. 
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Corollary 3.2. 

m 

£(-l)« +1 <7 (logDettf 2 - o (r) + log Det ~ ± (r) - logDet£ 2 rol (r) - logDct £ 2 abs (r; 

g=0 
v n 

= Sf- 1 )^ 1 ? (keDeti^.^tr) + logDet - log Det i? 9 , Prcl (r) - logDet i? 9 , Pabs (r)) . 

9=0 

We next discuss the Dirichlet-to-Neumann operator R q ^(r) denned by R q ^{r) = Q q ,i&(r) + Q Qj 2, 
where 55 is one of V-,c , V+,Ci, the absolute or the relative boundary condition. The following lemma 
is straightforward (Lemma 2.8 in [12]). 



Lemma 3.3. 

where 



Rq,v{r) = Qq,2 + \A\+lCq, V (r), 



2\/B 



Y 



e V 6 !-' - 1 e 2 V B Y r + i 



K«,p-, £ „(i-). ^g.P+.ci ( r ) = < 



J" 





2-v/S? 





r 2-v/s?: 



r 



/C.q, re i(r), /Cg !abs (r) = < 



r 



o 

2-v/bF 







on n q _(Y,E\ Y )®ft q S 1 (Y,E\ Y ) 

on Kn(Sl q (Y,E\ Y )®Sl l ~ 1 (Y,E\Y)) 
on SF+foEMsn^frElY) 

on r y /cn (n q (Y,E\ Y )®n q - 1 (Y,E\ Y )) 

on n q _{Y, E\ Y ) (S n q + (Y, E\ Y ) 
on kerB Y nW(Y,E\ Y ) 

on nf 1 {y, e\ y ) ® n^ 1 (Y, E\ Y ) 

on kerB Y nn q - 1 (Y,E\ Y ). 



The above lemma and (|2.1ip lead to the following result. 
Corollary 3.4. 

JC q {r) := Rq,T-,c (r) - Rq,iei(r) = Kq,V-, Co (r) - /C g , re i(r) = - (Rq,r+,c 1 ( r ) ~ R q,^hs(r)) 



e v y — e v y 

e 2y / B|7r _ ^-2-^/^2 
1 



on Q, q + (Y,E\ Y ) 
on nr X (F,£;|r) 

on r y /cn ^(y,s| y ) 

otherwise. 



In particular, if Vcf> = rVI> = /or (f> G ^(M^E), then K q {r){<j>\ Y ) = 0. 

We next discuss the limit of ^ log Det c /T>+ c 1 ( r ) ~ log Det R qyIC \ / &bs( r )j for r — > oo. We note 

that 
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lim R v _ , v (r) = lim R q , Te \ / a b s (r) = Qq,2 + \A\. 

The kernel of Q q , 2 + \A\ is described as follows. For / e Q, q (M 2 , E)\ Yl , choose V € VL q {M 2 ,E) such 
that B 2 ^ = and tp\ Yl = /• Then, 

= (BV, ^) = W B^) + (-WOk)* 

= (BV>, B^) + ((Vg.V + ^VOk, />* 

= II B^ || 2 - (Q 9l2 /, /)r a + (Af, f) Yl , (3.5) 

which leads to 



((Q q ,2 + \A\)f, f) Yl = \\B^\\ 2 +((\A\+A)f, f) Yl . (3.6) 

Hence, / € ker(Q 9 .2 + |-4|) if and only if Bip = and (|„4| + A)f = 0, which shows that ip is expressed, 
on a collar neighborhood of Y\ , by 

■0 = V" aje^ XiX 4>j, where A<f>j = (3.7) 

Let Moo := ((— oo, 0] x Y) Uy M 2 . We can extend E and B canonically to Moo, which we denote by -Boo 
and Boo • Then tp in (|3.7|) can be extended to Moo as an L 2 or extended L 2 -solution of Boo (for definitions 
of L 2 and extended L 2 -solutions we refer to [1] or [3]). Hence, 

ker(Q g! 2 + 1-^1) = {V'lvi I V' is an L 2 or extended L 2 -solution of Boo in 9 (Moo, -Boo) }• 

This fact together with Lemma T3.1[ Corollary 13.41 and (I2.11[) leads to the following result. 

Corollary 3.5. Let f G ker(Q 9) 2 + |-4|) or f E ker R q ^(r) , where D is one of To, V\, the absolute or 
the relative boundary condition. Then, JC q (r)f = 0. 

Since ker R q j>_ CQ (r) = keri? gjre i(r) (Lemma I2.2[) . we have 

logDet R q ,v-,c ( r ) ~ logDet-R g>re i(r) 
= logDet (R q<v _ Co (r) + W kelRg V _ ^ (r) J - logDet (-R g>re i(r) + pr keTRq rcl(r) 

, Is l0gDet (- R 9. rel ( r ) + P r kcri?.,, rcl (r) + s ( R q,V-,c 0) ~ Rq,iBl( r ))) ds 



= J o Tr^(-Rg,rei(r)+pr keri?((rel(r) +s/C g (r)) £ g (r)^ ds, (3.8) 
where pr kmRqT> £ ( r ) is the orthogonal projection onto ker R q ,V- c ( r )- We denote 
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X(r) := R q , Ie i(r) + pr kcrfl? rcl(r) +sK. q {r) = Q g , 2 + \A\ + lC qM {r) + pr keriJg rsl(r) +s/C,(r), 

M := {<f> | K q {r){4>) ^ 0} = ^(y,^|y)©«r 1 (y,^|y)©r Y /cn^(r,£;|y)©/cn^- 1 (y,i;|y), 

W(r) := ^(r)- 1 ^). 
Then, we have 

Tr (Xir^tCqir)) = Tr (X(r)-%(r) : X -> W(r)) . (3.9) 

Lemma 3.6. 

W(r) n ker(Q g , 2 + |^|) - {0}. 

Proof. Let (f> £ker(Q qy 2 + \A\). Corollary [33] shows that X(r)(f) = JC q>Te i(r)<l) + pr kcrIi tel ^ (ft. Corollary 
13.51 again shows (ft, pr kcrfl? ml ( r ) G At -1 . From e .M x , we have K. qiTe \(r)(j> € A^, which shows that 
X(f)4> € A'!" 1 ". Since X(r) is invertible, this completes the proof of the lemma. □ 

We denote by V{r) : W(r) — > ker(Qg,2 + \ the orthogonal projection from W(r) into ker(<3 g ,2 + |«4|)< 
We let 

W (r) := kerp(r), W x (r) := W(r) G W (r). 

Since ker (Q g ,2 + |«4-|) is finite dimensional, so is Wi(r). Let {0i, • • • , ^} be an orthonormal basis for 
Wi(r). For each 1 < i < k, (fti is expressed by 

0i = + Pi, 

where ^ Vi S (ker (Q g , 2 + 1-41))^ and 7^ <ys, € ker (Q g , 2 + |-4|). We put 

c := min{ || ^ || | 1 < i < k} > 0, 
which leads to the following result. 

Lemma 3.7. For any (ft G W(r), (ft is expressed by (ft = ip + ip, where ip G (ker (Q qy 2 + l-^l))^ an d 
if E ker(Q 9 , 2 + |^|). Then \\ ip \\> c \\<ft\\. 

Lemma 3.8. Let Ai > be the first nonzero eigenvalue of Q q ,2 + \A\. Then there exists Rq > such 
that for r > Rq and f € Ai, 

|| X(r)- 1 / ||< II / II • 
c Ai 

Hence, for r > Rq we have | Tr (X(r) _1 /C g (r)) | < ^^-| Tr K. q (r)\ , which shows that 

lim |Tr(X(r)-%(r)) | = 0. 
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Proof. It's enough to prove that || X(r)4> ||> 9s ^ x || <j) || for cf> G W(r) and r large enough. As in Lemma 
I3"77I we write = tp + (p, where ip € (ker {Q q . 2 + {A^, <p € ker(Q 9 , 2 + |.A|), and || iji ||> c || ||. 
Corollary 13.51 shows that 



X{r)<j) = {[Q q - 2 + \A\)i> + WkcrR q , rol (r) + (^g.rel (r) V> + pr ker n 9 , r(>1 <» 'i' + sJC q {r)i) + JC q ^{r)^ . 
We note that 

P r kor R„ rc i (r) <P)\ = K^i (<9?,2 + 1-41) P^ker fl,, rcl (r)¥>) I 

= KVA -^^rci(r)pr kori?5rcl(r) ^)|, 

which tends to as r — !• oo. Similarly, 

II P r keril a , rel (r)V> f = (P^kcr R g>rel (r) V>, P^kcr R,, rel (r) ^> = (P r kcr (r) V>, 1r>> 

= ((Q 9 ,2 + pr ke rfl 9)rel (r) ^> (<9«,2 + \A\ + Pr k cr(Q,, 2 + |^|)) V>> 

= (-£ 9 ,rcl(r)pr kor/Vrol(r) V, (<9«,2 + |-A|+Pr ke r(Q,, 2 + |^|)) V>) . 

which tends to as r — > oo. Hence, we have 

\\X(r)4>\\ > (|| (Q^ + I^D^ + prkcr^M^ll) 

- (|| 1Cq,Tel(r)i> || + || pr kcrjRq rol(r) ?/> || + || sJC q (r)ip \\ + \\ JC q , Ic i(r)tp ||) 

1 

(|| (Q 9 ,2 + |-4|)V> II 2 + II Pr ko rfl,, rol (r)^ II 2 -2K(Q,,a + \A\)4>, pr kc r^, rolM ^|) ' + o{r) 
(|| (Q 9 , 2 + |-4|)^|| 2 -2|((Q 9 , 2 + L4|)^, pr keri?g , rol(r) ^)|) 5 + o(r), (3.10) 



> 



> 



which completes the proof of the lemma. □ 
The above lemma with (|3.8p leads to the following result. 

lim (log Dot R q , v _ , (r) - log Det R qM (r)) = 0. (3.11) 
By the same method, we have 

lim (logDeti? 9 . P+£ >)-logDeti? 9 . abs (r)) = 0. (3.12) 

r— too L 

Corollary G£J with (l3~TT) and (|3~T2]) yields 



^Et- 1 ^ ( l0 S DetS 9 2 p„ ( r ) + logDet^(r) - logDetS^r) - logDet £ 2 abs (r)) - 0. (3.13) 
°%=o 
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The proof of the following lemma is a verbatim repetition of the proof of Theorem 7.6 in [17] (cf. 
Theorem 2.1 in [19]). 

Lemma 3.9. Let M be a compact manifold with boundary Y and N be a collar neighborhood of Y . We 
suppose that {.g t M \-S <t< S } is a family of metrics such that each g^ 1 is a product metric and does 
not vary on N. Let D be one ofVo, V\, the absolute or the relative boundary condition. We denote by 
Bq £, (t) the square of the odd signature operator acting on q-forms subject to S and with respect to the 
metric gf 1 . Then we have 



, / m \ m , , 

- ^(-lr-^-logDetB^ft) = ^(-ir-3-Tr p X(t) * t (-* { ) 

\g=0 / q=0 ^ 

where pr-^s ^ is the orthogonal projection onto the kernel of B 2 q ^(t) and * t is the Hodge star operator 
with respect to the metric gf 1 . 



Lemma 13.91 and Lemma 12.21 lead to the following corollary. 

Corollary 3.10. We assume the same assumptions as in Lemma \3. 91 Then, 

A m 

Jt £(-l) 9+1 ■ « ■ { l °S DetB lv ^ + logDetS 2 ^) - logDet£ 2 rcl (t) - log Det B\ abs (i)) = 0. 

We fix Sq > sufficiently small and choose a smooth function f(r, u) : [1, oo) x [0, 1] — > [0, oo), (r > 1) 
such that for each r 

supp„/(r,u) C [5 0) 1 -S ], / f(r,u)du = r-l, and /(l,u) = 0. 

Jo 

Setting Fir, u)=u + £ f(r, t)dt, F r := Fir, ■) : [0, 1] -> [0, r] is a diffeomorphism satisfying 



F r (u) 



u for < u < So 

u + r — 1 for 1 — So < u < 1 . 



Let g^ 1 be a metric on M r :— ([0, r] x Y) U{ r } x y M2 which is the extension of g M by a product one on 

[0,r] x Y. Then F*g^ is a metric on M, which is r \ ' on [0, 1] x Y . Hence, F;gf is a 

V g Y ) 

metric on M which is a product one near Y. Furthermore, (M, F*g^) and (M r ,g^) are isometric. Let 
B(r) and 2?(r) be the odd signature operators defined on M and M r associated to the metrics F*g^ and 
g^ 1 , respectively. Then Corollary 13.101 leads to the following equalities. 
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J2(-l) q+1 Q ■ (log Dct 20 B 2 q Po + log Dct 20 B 2 q ^ - log Dct 20 B\ re] - log Dct 2fl £ 2 abs ) 

m 

= £(-l) ?+ V (logDet 2 flB(r)^ o + logDet 2(? S(r) 2 . ^ - logDet 29 S(r)^ re] - logDet 29 S(r) 2 . abs 

m 

= ^(-1) 9+ V (logDet 29 £ 2 - o (r) + logDet 2e £ 2 ^(r) - logDct 2e £ 2 rcl (r) - logDet 2e £ 2 abs (r) 

9=0 

m 

= I 1 ™ E(- 1 ) 9+1 9- (logDct 2e S 2 - o (r) + logDct 2e £ 2 ~ x (r) - logDct 20 S 2 rcl (r) - logDct 2e S 2 abs (r) 

= o, 

which yields the following result. This is the main result of this section and is also interesting indepen- 
dently. 

Theorem 3.11. Let (M,g M ) be a compact Riemannian manifold with boundary Y and g M be a product 
metric near Y. Then : 

m m 

J2(-l) q+1 1 ■ ( lo S Det <n + lo ^ etB lf) = E(- 1 ) 9+1 '? ' ( lo g Det ^, re i + logDet£ 2 abs ) . 

9=0 9=0 

Remark : This result improves Theorem 2.12 in [12], in which the same result was obtained under the 
additional assumption of m(M\ E) = W{M, Y; E) = {0} for each < q < m. 

For later use we include some result of [12] for eta invariants. We denote by (f2 even (M, E)\ Y )* the 

(-l/cvcn/y^ pi \ \ 
H° dd (Y,E\ Y ) J in (^W^)' l - e - 



fi even (M,^)|y = (Ct even (M, E)\ Y )* 



H cvcn (Y,E\ Y ) 
H odd (Y,E\ Y ) 

and denote by V* the orthogonal projection onto (fi even (M, E)\ Y )* . We define one parameter families of 
orthogonal projections §_(6>), : n cvcn (M,E)\ Y -> ft ovon (M, E)\ Y by 



¥>-{6) = n> cos 9 + T- sin + -(1 -cos 6 -sin Q)V* +Vc , 



q?+(6>) = n >C os6 + V + sm6+^(l-cosO-sm6)V*+V Cl , (0 < 9 < |), 

where n> is the orthogonal projection onto the eigenspace generated by positive eigenforms of A and 
Vet is the orthogonal projection onto d (i = 1,2). ty-{0) (Sp+(0)) is a smooth curve of orthogonal 
projections connecting V-,c (P+Xi) ano ^ n>,£o (n>Xi)- We denote the Calderon projector for B by 
Cm- We also denote the spectral flow for (^ ± (epee[o,f ] an d Maslov index for (^±(0), Cm)0g[o.§] by 
SF(Z?(p ± ^j)e e [ .|.] and Mas(^}±(#), CM)ee[o.f]- We refer to [3], [14] and [18] for the definitions of the 
Calderon projector, the spectral flow and Maslov index. We refer to Theorem 3.12 in [12] for the proof 
of the following result. 
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Theorem 3.12. Let (M,g M ) be a compact Riemannian manifold with boundary Y and g M be a product 
metric near Y . Then : 

(1) rjiBv^-rjiBu^) = SF(B $ _ (e) ) 9£[0 , 5] = Mas(qL(0), C M )em,%Y 

(2) ri(Bp + , Cl )-Ti(Bn > , £l ) = SF(B $+(fl) ) fle[0 , f ] = Mas(qj+(0), G*)fle[o, } ]- 

In particular, if for each < q < m, W(M ; £) = H«(M, F; £) = {0}, then i]{B v _ ) - rj(B v+ ) G Z. 

In the remaining part of this paper we assume that H q (M; E) = H q {M, Y; E) — {0} for each < q < m 
so that £q = £i = {0}. 



4. A FAMILY OF ODD SIGNATURE OPERATORS ON MANIFOLDS WITH BOUNDARY 



In this section we construct a one parameter family of odd signature operators on manifolds with 

boundary connecting [ V ~ ^ ) and the odd signature operator considered in [22], (cf. (|4.4[) 

V J 

below) by using the ideas in [6] and Section 11 in [5]. For the motivation of this work we review briefly 
the Vertman's construction of the refined analytic torsion discussed in [22]. We first consider a direct 
sum of two de Rham complexes with the chirality operator T, de Rham operator V and odd signature 
operator B defined as follows. 



L 2 n'(M,E)®L 2 n-(M,E), r=(|l J"). v= (o v)' 6 = rv + vr - C 4 - 1 ) 

We denote by V m ; n and V max the minimal and maximal closed extensions of V defined on smooth forms 
having compact supports in the interior of M. We refer to [22] for definitions of V m i n and V max . The 
following equalities are well known facts (cf. p. 1996 in [22]). 



Dom((V mi „)*) = Dom(rV max r), Dom((V max )*) = Dom(rV min r). (4.2) 

We define 



V q B , m jM,E) 



and put 



= Dom(V min ) n Dom((V mi „)*) DL 2 W(M,E), 

= Dom(V max ) n Dom((V max )*) fl L 2 Q q (M, E), 

= {u G n q min (M, E) | V minW G Dom(V,; in ), V* min u, G Dom(V r 



01, 



= {u G nS,«(Af, E) I V max w G Dom(V: 



V* max uj G Dom(V max )}, (4.3) 



V (m) 
B{m) 



mm ^ 

o v r 



rv (m) +v (m) r 



o rv max + v min r 

r\7 mm -(- V niax-T 



(4.4) 
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where the subscript (m) in V( m ) and fi( m ) stands for min /max. Wc denote by B^ n and B 2 A the 
restriction of S( m ) and (£>( m )) 2 to even and g-forms, respectively. Then the domains of and 
are given as follows. 

d-.(^d - ( «gg$ ) • Dom,B - ) - ( §;,:: ( (m;?, ) =- <«> 

In [22] Vertman considered the following complex 

O-^-Afl'alM.ieBlAflL (M,£®£)A >0. (4.6) 

B (m) B (m) 

We define y g°™ n > trlvlal by the same way as S^f" when V is the trivial connection acting on the trivial line 
bundle M x C. For simplicity we assume that H*(M; E) = H*(M, Y; E) = 0. In this case the Vertman's 
construction of the refined analytic torsion p an ,(m)(g M , V) is given as follows. 

l0g Pan,(m) (/' , V) = log Dctg^ Bf£f + ITT lk(E) ■ T^even, trivia! (0) 

1 m m 

= ^E(- 1 ) 9+1 9- 1 °S De ^^m) + jE^ 1 ^'-^^) 
9=0 g=0 

(»? (^(mT) - ^ ME) ■ i/^ (0)) . (4.7) 
We denote by fl*(M, £7) the space of all smooth E- valued forms on M. We define 

ft' el (M,E) := {ueSl%M,E)\ T rcl (uj\ Y ) := dxj (dx A (w|y)) - 0, 7> rol ((rvr W )|y) =0}, 
ni hs (M,E) := { W €ft'(M,£) PabsMr) := <&_.(<" k) = , 7> abs ((V W )| y ) - 0}, (4.8) 

and denote by B 2 rcl and B 2 qahs the restriction of B 2 to fi* el (M, i?) and f2* bs (M, £?), respectively. It is a 
well known facts (cf. Theorem 3.2 in [22], Section 2.7 in [10]) that 

W iel (M,E) c % 2m jM,E) c % tmin (M,E), 
nl hs (M,E) c 0« 2max (M 5J B) c % !inax (M,E), 

Spec(£ 2 rcl ) - Spcc(£ 2 |^ 2 mJMi£) ), Spec (S 9 2 abs ) = Spec (^ 2 | f2 , 2 max(M , £) ) , (4.9) 
which leads to 

log Det 2e (b 2 ^ ) = log Dct 2e (B 2 j) + log Det 2fl (s 2 b 9 s ) , 

Cg?..(0) - Cb*. ? (0) + C b *.«(0). (4.10) 

(m) rel ^abs 

The proof of the following lemma is similar to the proof of Lemma 3.4 in [11]. 



— in 
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Lemma 4.1. Let (M,g M ) be a compact oriented Riemannian manifold with boundary Y and g M be a 
product metric near Y . We assume that H q (M, Y; E) = H q (M; E) = for each < q < m. Then, 

C B 2„(0) + Cb*.«(0) = ( Bi < (0) + Csi.. (0) = o. 

Proof. : We denote by double ^cyi.rd tne neat kernels of e^ tB ^^ and e - * 8 ^™ 1 , where B^ uhlc and B 2 c ^ X rel 
are Laplacians acting on gr-forms on the closed double M Uy M and the half-infinite cylinder Y x [0, oo) 
with the relative boundary condition at Fx {0}, respectively. Let p(a, b) be a smooth increasing function 
of real variable such that 



p(a,b)(u) = 

We put 



for u < a 

1 for u > b . 



01 : = 1-0(7,7). fa : = Piij^) 

^1 := 1 - p(|, |), V 2 :=P(^)- (4.11) 

Then a parametrix Q(t, (w, x), (w',y)) of the kernel of e~~ tB '^ is given as follows. 

Q(t, (w, x), (to', j/)) = 4>i{x)£lyi M {t, (to, x), (to', y))i>i(y) + h( x ) £ Lub\e(^ K x )> ( w '^y))^(y)- 
It is a well known fact that 

00 

^doubic^, (w,x), (w,x)) ~ ^2,a m -j{w,x)t~^ with a (t/;, z) = 0, (4.12) 

(g-B) 2 (* + i/) 2 \ _ tR 2,, 1 ( (x-y) 2 (x + j,) 2 

4t — e 4t e co r -1 

/47rf V / V47rt 



£l yl {t,(w,x),{w,x)) = —j=\e « -e « )e + - 7 = ( e « +e <■ 



Since Tr (e"' 6 ^) ~ £~ a ^- 3 ( Y > O) t'^^ , we have 

CtfA®) = i(-a (y,g) + a (F,9-l)). 

*^rel 4 

A similar method shows that 



Cb 2 -(«) = 7 (a (y,g)-a (F,9-l)), 



1 

4 

which completes the proof of the first equality. The second equality is proven in Lemma 3.4 in [11]. □ 
Remark : More generally, one can show that if g M is a product metric near boundary, then 

C B ^(0) + C B 2, q (0) = ( B 2, q (0) + ( B 2, q (0) = - (dim H q (M, Y ;E) + dim H"(M;E)). 

We recall that 
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#(mT : n%™ in (M,E)®n e g™ ax (M,E) -> L 2 n cvcn {M,E)(5L 2 n CVCD (M,E) (4.13) 



: = (seven q J ! fiJZTW E) © fi^fM, £) -> ft° VOn (Af, £) © tt CVCn (M, 

where the subscript (r/a) in BfJJ 1 ^ stands for rel/abs. By the same reason as in (|4.9p . we have 

Spec (fi^f) = Spec (fl^) . (4.14) 
By (|4.10p . (|4.14l) and Lemma B~T1 we can rewrite (|4.7I) as follows. 



logPa„,(m)(.9 M ,V) = ig(_l)9+ig. (log Det 2fl z£? + log Det 2fl 

9=0 

- ^ (g^) - 1 rk(25) • (0)) . (4.15) 

We next consider another complex, which is similar to (|4.6|) . We put (cf. (|2.17p ) 



and consider the following complex 



■^^W^^®^ A "U (M ' M ^- (4 - 16) 



with the following operators 



f <« ^ ( o -r ) ■ W~o - V f v ft ■ <« 7 > 



~ ~ / K cvcn n \ / S~ 

Kjovcn p Y7~~_l_Y7~~r —I V- u \ R 2,q [ -p 

D (Po/-Pi) — i ( ± ) V (Po/7'i) + V (Po/Pi) i (±) - \ -6^ vcn j' (Po/-Pi) '~ \ B. 



2,9 

Pi 



When H*(M;E) = H*(M,Y;E) = 0, we define the refined analytic torsion p an ,(V- /v + )(g M , V) with 
respect to this complex and the boundary conditions V+ as follows (cf. (j2.22|l ). 
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logPan,(7>_/?> + )(P ,V) 

:= log Det gr , 9 (^ v _ on ) + log Det gr , e (-23^ + cn ) + y rk(E) L B °™>^ (°) - (0) 



= 5 E(-!) g+1 • 9 • ( lo § Dc ^ ^ + lo § Det 2* 23~; 9 ) 

9=0 

-iTT (j7(B^ n ) - v(B c V v : n )) + y rk(25) (^.^(O) - 7^,^,(0)) 
= log Pan ,p_( ff M , V) +\ogp an , v+ (g M , V), (4.18) 



where /o a n,-p + (<7 M , V) is the complex conjugation of /O an .-p + (g M , V). Theorem 13.111 and Lemma |4~TI lead 
to the following result. 

Corollary 4.2. Let (M,g M ) be a compact oriented Riemannian manifold with boundary Y . We assume 
that g M is a product metric near Y and H m (M; E) — H m (M, Y; E) — 0. Then, 

logp a „,(m)(.9 M V) - logp anAV _ /v+) (g M , V) = -in(p (fi^) - (ry(^ cn ) - Tj{B%*j)) 
+ y rk(£) (^*(0) - (^,^(0) - % ^»™(0))) . 

The purpose of this paper is to compare p an / m ) (g M , V) with p a n,(p_/p + ) (ff M 5 V). By Corollary 14.21 

it's enough to compare rj (^°™a)) w ^ n ^(B^p™ 1 ) ~ vi^v™)- For ^ ms P ur P ose we are going to use a 
deformation of odd signature operators and boundary conditions simultaneously. We here note that 
r](Bp* n ) — T)(B!p® n ) and 7/govcn, trivial (0) — ^govon, trivial (0) are integers by Theorem 13. 121 We are next going 

to construct a one parameter family of operators connecting 23(7/ a) and Bf^, v -.. We begin with the 
following de Rham complex 

n m (M,E)®n m (M,E) = fl*(M,E®E). 
We define the de Rham operator V and chirality operator T(8) (cf. 11.8, 11.9 in [5]) by 

( V \ ( rsin0 rcos6» \ ^ ( sin0 cos0 \ „ rn tt. . 

V = ( V J' m = I r cos (9 -rsin0 j = r °( cos0 -sin0 J' ^ ^ 2^ ^ 

For < < f , we define a one parameter family of odd signature operators 23(0) by 

23(0): n'(M,E®E)->CT(M,E®E), 



Then we have 
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On a collar neighborhood N of the boundary, the odd signature operator B(9) is expressed by 

B(9) = l(9)(Vd x +A), (4.22) 

where 

\ cos 9 — sm / \ A J 

Simple computation shows that 

7(6») 2 = -Id, 7(0) A = - A 7(e). (4.24) 
We denote the (±i)-eigenspaces of j(9) in (ft ovcn (A/, E ® E)\ Y ) by (ft cvon (M, E ® E)\ Y ) g ±l , i.e. 

{Q evea (M,E®E)\ Y ) 9<±i := /T ^ 7(0) (rr c "(M,£®ff)| y ). (4.25) 

Then we have 

n cvcn (M,E®E)\ Y = (Q even (M,E®E)\ Y ) 6ti ® (f* cvon (A-f, E ® £)|r) e ,_ 4 ■ (4.26) 

For each 9, (tt even (M,E ® E)\ Y ,^j(9), ( , )) is a symplectic vector space and each Lagrangian subspace 
is expressed by the graph of a unitary operator from (fi cvcn (Af, E © E)\ Y ) g+i to (ft cvcn (M, E © E)\ Y ) e _ v 
Im^roiffilm-Pabs (cf. (O) andIm'P_ffiIm'P + are Lagrangian subspaces of' (f2 ovon (M, E ® E)\ Y , j(9), ( , )) 
for 9 = and respectively. 

Using the decomposition (|2.3p . we define two maps U-p_^-p + and f/-p ral ©7' ab> as follows (cf. 

07>_CM> + , U wv ^ bs : n cvcn (M, E®E)\ Y ^ Q cvcn (M, E © E)\ Y 



m- 1 



i (-i/3T Y ) 









/ 1 








°\ 


2 y)-- 


" (By) 


+ ) 






1 






-1 












I o 








-1 / 


( 





-1 


M 

















1 








1 











1 






V o 


-1 





o J 









(4.27) 



where (B Y ) := V y r y V y r y : Q'_(Y,E\ Y ) -> il'_(Y,E\ Y ) and + := r r V y r K V y : Q\(Y,E\ Y ) 
£l+(Y, E\ Y ) . The following lemma is straightforward. 



Lemma 4.3. (1) U-p_^-p + and f*p rel ©*p abs are unitary operators with (U-p_($-p + )* — U-p_&p+ an d 

(2) ((7 Proie p abs )7(0) = -7(0)((7 ProI eP ab J and (tf P _ eP+ ) 7(f) = - {U V _ BV+ ) . 

(3) lmV reX ®\mV ahs is the graph of U Vlel(B ^ bs : (fi cvcn (M, E ® E)\ Y ) , +i -> (^ cvon (M, £ ^)|y) ,_i 
and ImP- elm P + is fte jropA of U v _ ev+ : (O even (M, £ ® E)\ Y ) * (Q even (M, £ 8 B)|r)jt 
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We next define P(0) : n cvcn {M, E ffi E)\ Y -> fl even (M, E ® E)\ Y , (0 < < § ) by 



= 21(0) sin + 03 cos 0, 



(4.28) 



where 



21(0) := (f^)" 1 ((£#)" - 



sin 6 1 Id cos 9 Id 
cos 9 Id — sin 6 1 Id 



03 



(4.29) 



Then P{9) is a smooth path connecting E^p rcl ©-p abs and U-p_^-p + . The following lemma is straightforward. 



Lemma 4.4. (%) 21(0) and 03 are unitary operators satisfying 2l(0) 2 = Id, 03 2 = - Id, 21(0)* = 21(0), 
and 03* = -03. 

(2) 21(0) 7(0) = - 7(0) 2t(0), 03 j(fi) = - 7(0) 03 and 2l'(0) 7(0) = 7(0) 2l'(0). 

Id 
-Id 

(4) 21(0) 03 = 03 21(0) and 2t'(0) 03 = 03 2l'(0). 

(5) P{9) is a unitary operator with P{9)* = 21(0) sin - 03 cos 9 and P(0) 7(0) = - 7(0) P(0). 
(tfj 21(0) A = - .4 21(0) and 03 .A = A 03 and Zience P(0)* A = - AP{9). 



(3) 2l'(0)2t(0) = -2t(0)2t'(0) 



We note that the orthogonal projections P re i ffi P a bs and P_ ffi P+ are described as follows. 

PrclffiPabs, ^_©P+:ffiLo(« eVen (^£;®^)kV(-l)N "> ©Lo(^ CVCn (^^©^)|y) e ,(-l)^ 



Prel © V; 



abs 



Id 03* 
03 Id 



p_ ffip 4 



Id 21(f)* 



21(f) Id 



(4.30) 



We define a smooth path P(9) of orthogonal projections connecting V YO i © "P a bs and V- ffi P+ by 



P{9) 



Id P(0) 4 
P(0) Id 



(o<0< g). 



(4.31) 



Under the decomposition (|4.26[) we have 



7(0) 



i 
-i 



By := A 2 = By 



Id 
Id 



A = 



A- 
A+ 



(4.32) 



where A± = ^4|(n cvcn (M ,E®E)\ Y ) e ±i - Then P(0) satisfies the following properties, whose proofs are 
straightforward. 



Lemma 4.5. (1) 7(0) P{9) = (I - P (0)) 7 (0),_ and P(0) #f, = 2%P(0). 
(2)P(6)AP(6) =0, and (J - P(0)) jl (I - P(0)) = 0. 
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Remark : In this paper we are using two types of decompositions. One comes from the decomposition 
(|2.3j) and the other one comes from the decomposition (|4.26|) . When we write a matrix form of an 
operator, we are going to use the notation ( ) for the decomposition (|2.3[) like (|4.21l) and use [ ] for the 
decomposition (|4.26j) like (|4.30j) . 

Let B(9)p^ (0 < 9 < ^) be the realization of B(9) with respect to P(9), i.e. 



Dom (B(9)p W ) = {cj> e H 1 (tt cvcn (Af, E © E)) \ P(0)fa|y) = 0}. 



Then £(60 ~ v ™ is a smooth path of operators connecting B e £f a) and B^ n f ~ (cf. (l4~T31 . KT7h ). 
Lemma 4.6. B(9)p^ is essentially self-adjoint. 

Proof. The Green formula for B{9) can be written as follows (cf. (3) in Lemma \2.1\ . For <f> = ( ^ 



02 



e n cvcn (M, e®e), 



(B(9)<f>, iP) M = (0, B{9)^) M + (cf>\ Y , i(9)^\y))y. 
The remaining part is a verbatim repetition of the proof of Lemma 3.3 in [12]. 

We next define a unitary operator U(9) (0 < 9 < -|) by 

U(9): (sl =0 (n^(M,E(BE)\ Y ) g { _ 1)kl -+ ©£ =0 (Q°™(M, E © E)\ Y ) ex _ 1)hi 



□ 



U(6) 



cos0-Q3* 21(0) sin 
Id 



Then U (9) satisfies the following equality. 



Setting 



U{9) P{0) U(9)* = P{9). 



(4.33) 



(4.34) 



T(9) = -it 
Lemma l4~4l shows that 



-<B* 2l(6>) 




(4.35) 



£7(0). 



T(0) satisfies the following properties. 

Lemma 4.7. T(9)j(9) = l{9)T{9) and T{9) By = B Y T{9). 



(4.36) 
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Remark : Contrary to the case of [6], T{&) does not anticommute with A. 

Let 4> : [0, 1] — > [0, 1] be a decreasing smooth function such that (f> = 1 on a small neighborhood of and 
4> = on a small neighborhood of 1. We use this cut-off function to extend T{6) defined on Q,*{M, E®E)\y 
to a unitary operator defined on 0*(M, E®E). We define * e : Q*(M, E © E) -> 0*(M, £ © £) by 

*o(w)(a;) = eW^Wwfc), (4.37) 
where the support of <j>(x)T{6) is contained in N := [0, 1) x Y, a collar neighborhood of Y. 

Lemma 4.8. tyg is a unitary operator mapping from Dom (<B(#)p( )) on ^° Dom (^B(9)p^ ^j . 

Proof. Clearly tyg is a unitary operator. Let P(0)w(0) = 0. Then 
P(0)(*,w)(O) = U(0)P(O)U(0y (et+WWu) | x =o 

= C/(0)P(O)e- 4T ( e ) (e^^^w) | x=0 = Ef(0)P(O)w(O) = 0, 
which completes the proof of the lemma. □ 

Note that Dom (s(0)p (0) ) = Dom (s(0)p (o) ) C f7 ovon (M, £ © P) and consider the following diagram. 

Dom (B(0)p (0) ) r cn (M,£fflE) 



Setting^) :=*S * e | Dom( B (0) _ (o)) , 

: Dom (s(0) p(0) ) -> tt ovon (M, E ® E) 

is an elliptic ^DO of order f with a fixed domain Dom (j3(0)p^ n ^j and has the same spectrum as B(6)p^y 
which is a smooth path of operators connecting Bf^ n , at 9 — and Z?°~ on ~ at 6 = f . 

5. Comparison of the eta invariants 

In this section we discuss the variation of eta functions for B{6) to compare r\ (BJ^J with r\ ^S^C en _ 
For this purpose we are going to use the deformation method in [6]. In [12] we used similar method to 
compare the eta invariants subject to the boundary conditions V- and V+ with the eta invariants sub- 
ject to the APS boundary condition. We now begin with the one parameter family of the eta functions 

v§(o)( s ) defmed b y 



%»( s )= r 7HI) J / t^Tr{B{e)e-^ 2 )dt. (5.1) 
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If rij3(0)( s ) nas a re g u l ar value at s = 0, we define the eta invariant rj{B{9)) by 

V${0)) = \ (r, m (0) + dim kcr B{9)) . (5.2) 



For a fixed O in [0, §], there exist c(0 o ) > and 5 > such that c(0 o ) £ Spec (£(0)J for 9 -5 < 9 < 9 +S. 

We denote by Q(9) the orthogonal projection onto the space spanned by eigensections of B{9) whose 
eigenvalues belong to (— c(0q), c (0o)) for 0q — # < < 0o + 5- Wc define 



V8 W (b; <e )) = Yl »ign(X)\X\-' = / t^ 1 Tr { (/ - Q(9)) B(9) e - tB ^ 2 } dt. 

Then r/g(e)( s ) ~ ( s > c (^o)) is an entire function and 

\ ( s ) + dimkerB(0)) - i?7g (e) (s ;c(0 o ))j (5.3) 



s=0 

does not depend on the 9 for 9q — 5 < 9 < 0o + 5 up to modZ. Simple computation shows that 

^% ( 0)(s;c(0o)) (5.4) 
= f(Srj jf ^ Tr (-QWS(0)e- e » 2 + (7 - Q(0)) | (§(0) e - B » 2 )) A 

= r(HI) Jo *^^(-^We-«W")A-^ryjf t^Tr{(/-Q(0))(^)e- tB » 2 )}^ 

where Q(0) and B(0) mean the derivative of Q(0) and 0(0) with respect to 0. Furthermore, we have (cf. 
Section 4.2 in [11]) 

Tr (-Q{9)B{9)e~ tS{6? ) = 0, {^^ry jT ^ Tr (q(0)S(0K< b » 2 ) dtj = 0. 



These equalities imply that 

^r?B (e) ( S ;c(0 o )) = -^^J~t^T±(p{0)e- tS Vr}db + F{ 8 ) (5.5) 

where F(s) is an analytic function at least for Res > —1 with F(0) = 0. The equality (15.51) leads to the 
following lemma. 

Lemma 5.1. (1) The derivative of the residue of rj^, e s(s) at s — is given by 

^Res s= o% (e) (s) = Res s=0 (^V§(e)( s )j = ^ (B{9),B(9)). 
(2) If r/§(g){ s ) * s regular at s — for each 9, the derivative of Vg(e)(^) > U P ^° m °dZ, is given by 

(J§18{0)) (°) = --^ a -h* (B(9),i(9)) (modZ). 
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Here a_i 1 (B(9), B(9)) and a_± (B(9),B(9)) are the coefficients oft 2 \ogt and t ^ in the asymptotic 
expansion of Tr [B{9)e- tS ^ 2 ^j fort->0+, respectively. 



Theorem 5.2. We recall that B{9) = B{9) * e : Dom [B(0) P{o) j fl cvcn (M , E © E) . Then : 

Tr(§(9)e- tS ^ -0 (up to e - *), for t -> 0+. 

Lemma 15.11 and Theorem 15.21 imply that for each 9, f]grg\{s) has a regular value at s = 0. Moreover, 
?7g^(0) and n(B(9)) do not depend on up to modZ, which yields the following result. 

Corollary 5.3. 

*?(%7 a) ) - v(S(pj) = »7 = = »?(Bp_)-r/(Bp + ) (modZ). 

Corollary 14.21 Corollary 15.31 Theorem 13.111 and Theorem 13. 1 2 1 le ad to the following result, which is the 
main result of this paper. 

Theorem 5.4. Let (M,g M ) be an odd dimensional compact Riemannian manifold with boundary Y and 
g M be a product metric near Y . We assume that the connection V is a Hermitian connection and for 
each 0<q<m, H q (M; E) = H q (M, Y; E) = {0}. Then : 



(1) Pan,(m)(5 M ,V) = ± p^ {V _ /V+ ) (g M , V) = ± Pan , P _ (g M , V) • Paa , V+ ( 9 M , V) € R. 

(2) v(b^) = »?(%7 a) ) = (modZ). 

6. Proof of Theorem 15.21 

Recall that 

B{9) = % B{9) * = e -"^) T W B{9) eW*™. 
Since T'(9) does not commute with T(9), we should be careful in computing B(9). We note that 

§(Q\ = ( i. e -*)T{«)^ B(9)e 2 ' i ' {x)T( - e ' ) + e -i<K*)TV) ( —B(9)] e^^ T W 
\g?6> / \d9 J 

which leads to 



Tr (6(0)e-* § W 2 ) = Tr f^e"*'™) £(#)e- tS(e) ^>e^ T W 
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Simple computation leads to the following result. 
d 



do 
d 

Id 



1 



where 



Q(x):= e 4 *< tt > T W (i^'{u)T'{9))e- l ^ T ^du. (6.4) 



Since </>(it) is supported in [0,1], the support of Q(x) belongs to [0,1] x Y. Equations (|6.2p and 
yield the following result. 

Lemma 6.1. 

Tr (p(9)e- tS ^ 2 ) = Tr (Y^W) e~^) + Tr{(s(0)Q(*) - C(*)B(0)) e^ 9 ^)} 
Let B cyl be the odd signature operator defined as in (12.71) on [0,oo) x Y and 

B(9) cyl := £ cyl 

The heat kernel of ^£?(0)~ r ' ^ was computed in [6] as follows. 



sin 9 ■ Id cos 9 ■ Id 
cos 9 ■ Id — sin • Id 



+(7rt)-^ (/ - P(0)) J e~'- £± ^A{9) e^ z - a2 dz, 
where .4(0) := (I - P(9))A(I - P{9)). Moreover, Lemma IQ1 shows that 

e-< m TJ\ X ,y) = (A^-(e' { -^ + (I-2P{e))e'^ L \e- a \ (6.5) 



6.1. Asymptotic expansion of Tr (\JgB(0)) e tB{e) p(») j . Recall that N = [0, 1) x Y is a collar neigh- 
borhood of y. We define cut off functions 4>i, 4*2, 4>i and ip2 as in (I4.11[) . We put 

(w,x),(w' ,y))(9) (6.6) 
= ^{x) B(9) cyl cn e -t ( S(S) ^)) (a:,!/) Vi(2/) + 02 (x) e(0) cvcn ^ v ° c u n b (t, (to, a), (w',y)) My), 
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where B{9) := ^B(9) and £^(t, (w, x), (w',y)) is the heat kernel of e~ tB ^ on M doub := M U Y M, the 
closed double of M, Then lZ cvcn (t, (w, x), (w' ,y))(0) is a parametrix for B(9) cven £ even (t, (w, x), (w',y))(9), 



the kernel of B(9) 



-tB(ey 



. p («) on M and the standard computation shows that for < t < 1, 



\B(9) cvcn £ cvcn (t,(w,x),(w,x))(9) -K eV en(t,(w,x),(w,x))(9)\ < c 3 e~ 
for some positive constants C3 and C4, which implies that 



(6.7) 



Tv(B(9)e tB(8) ^)) ~ Tr(TZ cvcn (t,(w,x),(w,x))(9)) 

= T±(B(6)&e~ m6) %» )a ih(x)\ + Tr^B^e-^^Mx)) ■ (6.8) 



We note that 



-t{B(6)) 2 



which shows that 



-tB z 



B{9) = B 



cos 9 Id — sin 9 Id 
— sin 9 Id — cos 9 Id 



Tr(B(0) e -*W e » 2 V 2 (u)) = 0. 
Using (|6.5p and the decomposition (|2.3p . we have 



(6.9) 



= Tr 



Tr fJ^V^&'N^ 
cos 9 — sin 



— sin f — cos 

1 / X 



47Tt 7o * 

'4irt Jo 

/47T< Jo 
(I) + (II) + (III). 



7(V 8l + .4) 
e~~ipi(x)dx^ Tr 
^i(x)(ix^ Tr 
ipi(x)e~~ dx I Tr 



1 



cos 9 — sin t 
- sin 9 — cos ( 



I — 2P(9)j e 1 

7(/-2P(0)) e"*^ 



cos t) — sm 
- sin 9 — cos 



cos 9 — sin 6> 



— sm f — cos t 



-tA 2 



7i 7-2P(«) e 



Since jA — —Aj, we have 



(II) = 0. 



(6.10) 



.11) 



We note that 
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Tr 



Tr 



cos a 

— sin ( 

cos 

— sin( 



sin 
cos 

sin 9 
cos 9 



-yA (i - 2P{9) 



-tA" 



sine 
cos ( 



cos 9 
— sin ( 



j(0)A[l-2P(e) 



,-tA' 



(6.12) 



Since 

- sin 9 — cos 9 J \ cos 9 — sin ( 
with each other (Lemma 14. 5|) . we have 



sin v \ l sin f cos ( 
and 



i{9) and A , 7(6*) and (i - 2P(9)j anticommute 



(HH = - Tr \ 7(0) 



sin t) cos ( 



cos f — sin t 



Tr<j 7 
Tr 



cos 9 
— sin 9 

cos 9 
— sin 9 



cos 9 — sin 6 
— sin 9 — cos ( 



— smfc 

— cos( 

- sin 9 

- cos 9 



All- 2P(0)) e 



jA (/ - 2P(9) 



,-tA* 



A[I-2P{9))e 



-tA z 



(6.13) 



which shows that 



For (I) we note that 



(III) = 0. 



(6.14) 



I-2P{6) = 



-P{9)* 
-P{9) 

21(0) sin + i 33 7(0) cos0 



p(ey 



I + vy(6) 



P(0) 



I - vy(6) 



which leads to 



Tr 



Tr 



cost^ 


— sin 


— sin0 


— cos 


cos 


— sin 


— sin0 


— cos 


*{( 


cos 




— sin0 



-tA 2 



7 I-2P(0) e 



7(- 21(0) sin + 1*87(0) cos( 



-tA* 



sin 
cos 



7 2l(0)e 



i cos Tr 



cos f 
— sin( 



— smt 

— cos( 



7*8 7(0)e 



-tA' 



Let K = ( ]. Simiilccoinputalioi) shows tliat 
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= 0, (6.15) 

-tBl 



^(-o K °- K )^)=— h o ? 

= 2Tr(r y e- tB -|^ve„ (y ^| y) +r y e -* B -| o dd(y!£k) ) =0. (6.16) 

In the last equality we used the fact that Tr ^ye"' 8 *" |n o ™"(Y,.E|^)) = Tr Msye - * 8 *' |n° dd (Y.£| y )) =0 
since H'{Y,E\ Y ) = 0. Hence (I) = 0. Equations from JB15]) to (jpTTCl) show that 

Tr^^B^e-^^) = 0. (6.17) 

6.2. Asymptotic expansion of Tr j (b(9)Q(x) - Q(x)B(9)j e" tB(e) ^w|. Since Q(x) is supported in 
[0,1] x Y, the standard theory for heat kernel ([1], [3]) implies that the asymptotic expansions of 

Tr [[b{9)Q{x) - Q(x)S(0)) e~ te(e) ^< 8 >) and Tr ((B(0) cyl Q(x) - Q(x)B(9) cy ^ e~*( B(e) ^>) are equal 

up to (e _ "f) for some c > 0. With a little abuse of notation we write B(9) cyl by B{9) again. Simple 
computation using (|4.22p shows that 

Tr { (B{9)Q{x) - Q{x)B{9)) e _t * (fl) *w } = Tr \j{9)e l ^ T ^ (i^{x)T'(9)) e -^ x ™ e'^ ^ } 
+ Tr{fi(6) ,Q(x)}V 9x e- t§(e)2 rm} + Tr {[j{9)A , Q(x)]e- tB{6) H*) } =: (I) + (II) + (III). (6.18) 

The following lemma is straightforward by using (|4. 35[) , Lemma 14.41 Lemma 14.71 and (|6.4p . 

Lemma 6.2. 

(1) T'(9) = i<B*%9) 1 - + l j-*B*%!{6). 

(2) Q(x) = -<j>(x) (&*%{9) ^p^ - °-Q(x), Q{x) := J* <j ) \u)e^ {u ^ 9 ^*^\9)e-^ T ^ du. 

(3) f)2(x) = - Q{x) 7(6»), 7(g) (g*gt(g) J ~^ 7(e) ) - (^StW 7 "^ )^)- 

Using (|6.5j) and Lemma 16.21 we have 
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(II) = Tr{[7(0) ,Q(x)]V ax e~' e(e) ^>} = -0 Tr {7(0) Q{x) V 9x e~' B(e) ^> } 



-0 
v/47rt 



Tr ^: (W! o,, ) I + (j-2P(0)) 



2t 



— n — e 

2f 



dx 



x 



/ 47Tt I JO * 

-20 r z 100 x 

— 1 



Tr I 



'Aid 



11 



(7(6) C(a:) (/-2P(0) 
^ Tr (7(0) Q(x)P(0)e~ a2 ) dx 



- tA ~ 1 dx 



(6.19) 



Using the decomposition (|4.26|) . (|4.35[) and Lemma POl we have 



7(0) Q{x)P{6) = J <j>'{u) e ^ u)TW 7(0) 03* 21' (0) e -^(") T ( e ) P(0) du, 

,±#(«)T(e) = [ cos(#u)0) T sin(0( M )0) 05* 21(0) 

Id 



i 
-i 

(I4.26p . simple computation shows that 



Since 7(0) = 



and O3*2l'(0) = 



O3*2l'(0) 
O3*2l'(0) 



(6.20) 

with respect to the decomposition 



I {cos(0(m)0) < B*21'(0) + sin(</»(u)0)2t(0)2l'(0)} 
J {cos(0(u)0)93*2t'(0) + sin(</>(u)0)2l(0)2l'(0)} 



P(0) Id 
-Id -P(0)* 



= - {cos(0(w)0) < B*2l'(0) + sin(</>(u)0)2l(0)2l'(0)} {O3cos0 - M(8)^(0) sin* 
Since 7(0) anticommutes with O3*2l'(0) and 2l(0)2l'(0) (cf. Lemma we have 



fy(fi)}. (6.21) 



Tr{(cos(^(u)0)«B*2t'(0) +sin(0(u)0)2t(0)2t'(0)) (i7(0)e -tJ? ) } 
Using Lemma 14.41 again, we have 



= 0. 



Tr 



{(cos(0(u)0)93*2t'(0) + sin(0(tt)0)2t(0)2t'(0)) (93 cos0 - M(B)i(<9) sin0) e~ tA 

Id 



} 



cos(<?(>(u)0)cos0 Tr (si'(0)e 
- i cos(0(u)0)sin0 Tr ( 03 



-tA' 



- sin(0(u)0)cos0 Tr 
Id 



Id 



03e~ 



(6.22) 



3.23) 



-Id 



7(0)e" t ' 42 j + i sin(0(u)0)sin0 Tr (V(0)7(0)e 



-tA 
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Simple computation shows that for K 



-1 
1 



Tr(2l'(%- tJ2 ) = Tr(V( _° M ™ W^e"*^ = Tr (V(0)7(0) e - tJ2 ) = 0, (6.24) 

Tr(( _° Id f )se"^) = Tr(Ve^ 2 ( " K ° R )) = 2 Tr (^V"** K ) 

= 2Tr(r r e- te -| f2 eve„ ( ^| y) +r y e-* B2 -| o dd(Y , £k) ) =0. (6.25) 
Hence, equations from (|6.19[> to (|6.24[) show that 

(II) = Tr{[7(0) ,Q(x)]Va x e^ BW ^)} = 0. (6.26) 

Using (|6.5I) . we have 

(I) = Tr{7(0)e^^ T W( l 0'(x)T'(^))e-^( a; ) T ( e )e- tg(e)2 -('')} 

1 Tr ^(9)e^ T ^ W{ X )T'{9)) e -*(*) r W { 2P(0)) e~^) e"** U dx 

(f>'{x)dx \ Tr(j(9)T'(e)e 



o 



+ * = |y™ 0'(x)e-T Tr (^y^m^T'^e^^W (/ - 2P(0)) e"**) dxj 

= : (Ii) + (I 2 ). (6.27) 
Since 4>'(x) = near x = and has a compact support, we have 

(I 2 ) = O(e-f). (6.28) 
Using the assertion (1) in Lemma T6.2I and Lemma 331 we have 



Tr 



(j(9)T'(9)e- tA ^ = i Tr (7(0)23* 21(0) 1 ^ e~ tA * ) + f Tr (j{9)<B* 2l'(0) e 



■ TV ( 7(0)®* 21(0) 1 e~ tX ' 



* Tr 
2 



(7(0)®* 21(0) e^ 2 ) - i Tr (<B* 21(0) e^ 2 ) . (6.29) 



For K ( ^ ^ j and the decomposition (2. :'>'). we have 



/k>2\- l I fK>2\- / K 2\+\ ( cos0 K — sin K 



<8*2i(0) = -pr Y (B 2 Y y L ((B 2 Y y -(B Y ) 



sin K — cos K 



7(0)®* 21(0) = <B* 21(0)7(0) = -i (Bf) 1 ((Bf) - (Bf) + ) ( _° K * ). ( (i. •'->() ) 
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which imply that 



Tr (V 2l(6») e^- 4 *) = Tr (7(0)®* 21(0) e^- 4 *) = 



.31) 



and hence 



(I) = Dr {^(flJe^WW (*^(s)T'(0)) e-*<*> r We~ WW *«} = 0(e~*) for some c> 0. (6.32) 



Finally, we are going to analyze (III) := Tr j [y(6)A , Q( 
Lemma 16.21 we have 



x)\e- tBW ^: 



} in (lQ8l) . Us ing ()6.5|) and 



(III) 



Tc{[l(0)A, Q{x)] e _tf(fl) *w} 
Tr{[ 7(0)1, C(x)] (-^ (l+(/-2P(0))e-^ 

' ' " - ' '"\A, Q[x)]t !A '))' h ' 

s- a2 ))dx 



/4^rf Jo 
2 

2 

Vi^rf Jo 

a rca 



/4ni J 



((1 + e-T) Tr([7(0) 
^°°( e -^ Tr([7(0)^, fi(i)]P(J)« 
J (e~^ Tr ([ 7(0) A , Q(x) ] P(0) e - 

■CO / 2 / — 

7(0) -4, Q(x) ] P(0) e- uJ ])(!i 



/47rt Jo 



jf U(x) e"^ Tr(j 7(0)^1 



<B* 21(0) 




P(0) 



„-t.4 ; 



da;, (6.33) 



where in the last expression we used the decomposition (|4.26l) . Using Lemma HT2l we have 



{[7(*M, Q(x)]P(0)e-^ 2 } = Tr{(7(0)-4Q(x) 

{l(0)(AQ{x) + Q(x)A) (/-P(0)) e^ 2 } 
i Tr { 7(0) ( A Q(x) + Q(x)A) e"*^} 



Tr 
Tr 
Tr 



Q(x)j(9)A) P(0) e"^ 2 } 



= 0, 



.34) 



since A e tA2 — e tA2 A and A 7(0) 
tation we have 



7(0) A . Using Lemma T4. 41 and (I4.32j) . by simple compu- 



:S2 
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Tv([j(9)A, 



03* 2t(6>) 




P(9) e 



-tA< 



= -2 Tr ' 



23* 21(0) A (21(0) sin + 03 cos0 ) 03* 21(0) A 

Am* 21(0) .4 03* sin 0- .4 21(0) cos0 



-t.A 



| Tr | (V 21(0) 4 ( 21(0) sin0 + 03 cos0 ) 



- Trj(4 03* sin 0- .4 21(0) cos0) L±J^1 e -t^ 



0* 



-- sin0Tr(.4O3* e"*^ 
2 



~ cos0 Tr (.4 21(0) 7(0) e~ tX ' 



Setting K 



-1 
1 

AW 

-4 21(0) 7(0) 
which shows that 



> L 



-1 



and J 



1 

-1 



we have 



-1 
p (r y V y + V Y T Y ) 

-0 (t y v y + w Y r Y ) ([Biy l (B* Y y 



-J 
J 



L 
L 



Tr(.4^> . 
By (jOi]) and (jOT)) . we have 

i>([WM.['' a(, > J 

Adding up the above arguments, we have 



Tr 



(.4 21(0)7(0) e" 4 - 42 ) = 0. 



P(0) e 



-tA" 



and hence (III) = 0. 



Tr {(j3{6)Q(x) - Q{x)B{6)) e ~ tB(e) ^)} - 0(e~f) 
and this completes the proof of Theorem 15.21 



for £ -> H 



(6.35) 



(6.36) 



(6.37) 



(6.38) 



(6.39) 
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